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EQUILIBRIUM STATES FOR CERTAIN PARTIALLY
HYPERBOLIC ATTRACTORS
TODD FISHER AND KRERLEY OLIVEIRA
Abstract. We prove that a class of partially hyperbolic attractors introduced
by Castro and Nascimento have unique equilibrium states for natural classes
of potentials. We also show if the attractors are C2 and have invariant stable
and centerunstable foliations, then there is a unique equilibrium state for the
geometric potential and its 1-parameter family. We do this by applying general
techniques developed by Climenhaga and Thompson.
1. Introduction
The notions of topological pressure and equilibrium states were introduced by
Sinai, Ruelle, and Bowen [4, 23, 25]. These are generalizations of the notion of
topological entropy and measures of maximal entropy, and they provide many useful
invariants for studying the properties of a dynamical system.
For a diffeomorphism f : M → M of a compact manifold and a continu-
ous function ϕ : M → R, called a potential function, the topological pressure is
P (ϕ; f) = supµ(hµ(f) +
∫
ϕdµ) where the supremum is taken over all f -invariant
Borel probability measures. An f -invariant Borel probability measure that maxi-
mizes the quantity hµ(f) +
∫
ϕdµ is an equilibrium state.
A long standing problem is to find conditions that guarantee the existence and/or
uniqueness of equilibrium states. For Axiom A diffeomorphisms and Ho¨lder contin-
uous potential functions there is a unique equilibrium state restricted to each basic
set [4]. Outside of the hyperbolic setting there are a number of results where the
class of diffeomorphisms and potential functions are restricted [3, 5, 6, 7, 12, 14, 15].
Recently, new symbolic tools were obtained by Sarig [24] for C1+α diffeomor-
phisms of surfaces with positive topological entropy. This result allowed Buzzi,
Crovisier, and Sarig [8] to obtain uniqueness of maximal entropy measures for tran-
sitive C∞ surface diffeomorphisms with positive topological entropy.
For non-uniformly expanding maps there have been a number of results on the
existence and uniqueness of equilibrium states [18, 19, 26]. Recently, Castro and
Nascimento [9] examined measures of maximal entropy for a class of partially hy-
perbolic attractors that arise from non-uniformly expanding maps.
We examine equilibrium states for potentials defined on the partially hyperbolic
attractors as described in [9]. Before stating the results we define the class of
attractors we will investigate.
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2 TODD FISHER AND KRERLEY OLIVEIRA
We first describe the non-uniformly expanding maps that we will use in the
definition of the attractors. Let N be a connected compact Riemannian manifold
and g : N → N be a topologically exact local diffeomorphism with Lipschitz inverse
branches, this means that there exists a function L : N → R+ such that for all
x ∈ N there is a neighborhood Ux of x where gx := g|Ux : Ux → g(Ux) is invertible
and
d(g−1x (y), g
−1
x (z)) ≤ L(x)d(y, z) for all y, z ∈ g(Ux).
The degree of g is the number of pre-images of any x ∈ N by g and is denoted by
deg(g). We assume there exists a constant λu ∈ (0, 1) and an open region Ω ∈ N
such that we have the following:
(H1) there exists a constant L > 1 such that L(x) ≤ L for all x ∈ Ω and
L(x) < λu for x /∈ Ω; and
(H2) there exists a covering P of N by injective domains of g such that Ω can
be covered by q < deg(g) elements of P.
We now describe the attractors that arise from g. Let M be a compact manifold
and f : M → M a diffeomorphism onto its image such that there is a continuous
surjection pi : M → N where
pi ◦ f = g ◦ pi.
Given y ∈ N we set My = pi−1(y). Therefore, M =
⋃
y∈N My. Note that f(My) ⊂
Mg(y), each My is compact, and there is a maximum diameter for the sets My. The
next assumption will ensure that the My are local stable manifolds for points in
the attractor.
(H3) Assume there exists some λs ∈ (0, 1) such that
d(f(x), f(y)) ≤ λsd(x, y)
for all x, y ∈Mz and all z ∈ N .
The set Λ =
⋂∞
n=0 f
n(M) is an attractor and Λ is compact and f -invariant. We
also need the following fact so that the metric on M is related to the metric on N .
(H4) Given x, y ∈M we let xˆ = pi(x) and yˆ = pi(y). Then there exist f -invariant
holonomies hxˆ,yˆ : Mxˆ ∩ Λ→Myˆ ∩ Λ and a constant C ≥ 1 such that
1
C
[dN (xˆ, yˆ) + dM (hxˆ,yˆ(x), y)] ≤ dM (x, y) ≤ C[dN (xˆ, yˆ) + dM (hxˆ,yˆ(x), y)]
where dM , and dN are the metrics on M and N respectively. Furthermore,
we assume that the holonomies are invariant for f so that f(hxˆ,yˆ(z)) =
hg(xˆ),g(yˆ)f(z).
The attractor Λ can be described as “solenoid-like” as it can be shown to be
topologically conjugate to the natural extension of the system (N, g). The topolog-
ical conjugacy can be useful in proving some of the properties we need, but we will
work directly with the system (Λ, f).
In [9] it is shown that there is a unique measure of maximal entropy for Λ.
Furthermore, it is shown that this measure
• has exponential decay of correlations for Ho¨lder continuous functions,
• satisfies a Central Limit Theorem for any Ho¨lder continuous function, and
• this measure varies continuously with respect to the weak∗-topology on the
space of measures and the C1-topology on the space of maps.
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Before stating our main results we need to specify some constants. Fix ρ > 0
and let Ωρ =
⋃
x∈ΩBρ(x). Let
(1) α <
log λu
log λu − logL.
We now define the function
Ψρ,α(ϕ) = Ψ(ϕ) = α sup
pi(x)∈Ωρ
ϕ(x) + (1− α)(sup
Λ
ϕ) + log q + (α) +m logL
where m = dim(N) and (α) is a function such that (α)→ 0 as α→ 1, see Lemma
3.1 of [26] or [19] for a description of (α).
Theorem 1.1. Let f : Λ → Λ be as described above and ϕ : M → R be a Ho¨lder
continuous potential such that Ψ(ϕ) < P (ϕ; f |Λ), then (Λ, f, ϕ) has a unique equi-
librium state.
Before stating the next theorem we point out that if L is close to 1, then Ψ(ϕ) is
close to supΩρ φ+log q. The above theorem then shows that so long as the potential
is not too “concentrated” in Ω, then there will be a unique equilibrium state.
The next result shows that if the function ϕ does not vary too much, then there
is a unique equilibrium state.
Theorem 1.2. Let f : Λ → Λ be as described above and ϕ : M → R be a Ho¨lder
continuous potential such that
supϕ− inf ϕ < log deg(g)− log q − (α)−m logL,
then (Λ, f, ϕ) has a unique equilibrium state.
In addition to the previous hypothesis that were assumed in [9] we need some
assumptions on the hyperbolic constants, and associated invariant foliations for the
next result.
(H5) There exists an f -invariant splitting Es ⊕ Ecu for Λ and λs > L−1. Also,
there exists an f -invariant center-unstable foliationWcu of Λ that is tangent
to the center-unstable subbundle Ecu in Λ, and there exists an f -invariant
stable foliation Ws tangent to the stable subbundle Es in Λ.
Let ϕgeo(x) = − log det(Df |Ecu(x)) where Ecu is the center-unstable subspace at
x. This is referred to as the geometric potential.
Theorem 1.3. Let f be C2 satisfying properties (H1)-(H5) above and we assume
that
(2) log q + (α) +m logL < min {log deg g,− supϕgeo} ,
then the following hold:
• t = 1 is the unique root of t 7→ P (tϕgeo; f |Λ),
• there is an  > 0 such that tϕgeo has a unique equilibrium states µt for each
t ∈ (−, 1 + ), and
• µ1 is the unique SRB measure for f .
In Section 5 we describe an example where the hypothesis hold for a class of
systems. This class of systems is given by a DA-type perturbation in a neighborhood
of a fixed point for a uniformly expanding endomorphism.
The paper proceeds as follows. Section 2 lists background material as well as the
results from [13] that we need for our result. Section 3 defines the decomposition
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of orbits we need to apply the theorem from [13] and we prove properties for this
decomposition of specification and the Bowen property. Section 4 contains entropy
and pressure estimates need to complete the proofs for Theorems 1.1 and 1.2.
Section 5 contains the proof of Theorem 1.3 as well as an example of a system
satisfying the hypotheses.
2. Background
In this section we review basic properties of partial hyperbolicity. We also outline
the results of Climenhaga and Thompson in [13].
2.1. Partial hyperbolicity. Let M be a compact manifold. Recall that a diffeo-
morphism f : M → M is (weakly) partially hyperbolic if there is a Df -invariant
splitting TM = Es ⊕ Ec ⊕ Eu, where at least one of Es or Eu is nontrivial, and
constants N ∈ N, λ > 1 such that for every x ∈ M and every unit vector vσ ∈ Eσ
for σ ∈ {s, c, u}, we have
(i) λ‖DfNx vs‖ < ‖DfNx vc‖ < λ−1‖DfNx vu‖, and
(ii) ‖DfNx vs‖ < λ−1 < λ < ‖DfNx vu‖.
A partially hyperbolic diffeomorphism f admits stable and unstable foliations
W s and Wu, which are f -invariant and tangent to Es and Eu, respectively [21,
Theorem 4.8]. In our situation (H5) assures the existence of a stable foliation and
the local stable leaves are given by the My. There may or may not be foliations
tangent to either Ec, Es ⊕ Ec, or Ec ⊕ Eu. When these exist we denote these
by W c, W cs, and W cu and refer to these as the center, center-stable, and center-
unstable foliations respectively. For x ∈M , we let Wσ(x) be the leaf of the foliation
σ ∈ {s, u, c, cs, cu} containing x when this is defined. In our situation we know there
are W cu leaves in the attractor.
2.2. Pressure. Let f : X → X be a continuous map on a compact metric space.
We identify X×N with the space of finite orbit segments by identifying (x, n) with
(x, f(x), . . . , fn−1(x)).
Given a continuous potential function ϕ : X → R, write Snϕ(x) = Sfnϕ(x) =∑n−1
k=0 ϕ(f
kx). The nth Bowen metric associated to f is defined by
dn(x, y) = max{d(fkx, fky) : 0 ≤ k < n}.
Given x ∈ X,  > 0, and n ∈ N, the Bowen ball of order n with center x and
radius  is Bn(x, ) = {y ∈ X : dn(x, y) < }. A set E ⊂ X is (n, )-separated if
dn(x, y) ≥  for all x, y ∈ E.
Given D ⊂ X × N, we interpret D as a collection of orbit segments. Write
Dn = {x ∈ X : (x, n) ∈ D} for the set of initial points of orbits of length n in D.
Then we consider the partition sum
Λsepn (D, ϕ, ; f) = sup
{∑
x∈E
eSnϕ(x) : E ⊂ Dn is (n, )-separated
}
.
The pressure of ϕ on D at scale  is
P (D, ϕ, ; f) = lim
n→∞
1
n
log Λsepn (D, ϕ, ),
and the pressure of ϕ on D is
P (D, ϕ; f) = lim
→0
P (D, ϕ, ).
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Given Z ⊂ X, let P (Z,ϕ, ; f) := P (Z × N, ϕ, ; f); observe that P (Z,ϕ; f)
denotes the usual upper capacity pressure [20]. We often write P (ϕ; f) in place of
P (X,ϕ; f) for the pressure of the whole space.
When ϕ = 0, our definition gives the entropy of D:
(3) h(D, ; f) = h(D, ) := P (D, 0, ) and h(D) = lim
→0
h(D, ).
Write M(f) for the set of f -invariant Borel probability measures, and Me(f)
for the set of ergodic measures inM(f). The variational principle for pressure [27,
Theorem 10.4.1] states that
P (ϕ; f) = sup
µ∈M(f)
{
hµ(f) +
∫
ϕdµ
}
= sup
µ∈Me(f)
{
hµ(f) +
∫
ϕdµ
}
.
A measure achieving the supremum is an equilibrium state.
2.3. Obstructions to expansivity, specification, and regularity. Bowen showed
in [4] that if (X, f) has expansivity and specification, and ϕ has a certain regularity
property (now called the Bowen property), then there is a unique equilibrium state.
We recall definitions and results from [13], which show that non-uniform versions
of Bowen’s hypotheses suffice to prove uniqueness.
Given a homeomorphism f : X → X, the bi-infinite Bowen ball around x ∈ X
of size  > 0 is the set
Γ(x) := {y ∈ X : d(fkx, fky) <  for all n ∈ Z}.
If there exists  > 0 for which Γ(x) = {x} for all x ∈ X, we say (X, f) is expansive.
Definition 2.1. For f : X → X the set of non-expansive points at scale  is
NE() := {x ∈ X : Γ(x) 6= {x}}. An f -invariant measure µ is almost expan-
sive at scale  if µ(NE()) = 0. Given a potential ϕ, the pressure of obstructions to
expansivity at scale  is
P⊥exp(ϕ, ) = sup
µ∈Me(f)
{
hµ(f) +
∫
ϕdµ : µ(NE()) > 0
}
= sup
µ∈Me(f)
{
hµ(f) +
∫
ϕdµ : µ(NE()) = 1
}
.
This is monotonic in , so we can define a scale-free quantity by
P⊥exp(ϕ) = lim
→0
P⊥exp(ϕ, ).
Definition 2.2. A collection of orbit segments G ⊂ X×N has (W )-specification at
scale  if there exists τ ∈ N and k0 such that for every {(xj , nj) : 1 ≤ j ≤ k} ⊂ G
with nj > k0, there is a point x in
k⋂
j=1
f−(mj−1+τ)Bnj (xj , ),
where m0 = −τ and mj =
(∑j
i=1 ni
)
+ (j − 1)τ for each j ≥ 1.
The above definition says that there is some point x whose trajectory shadows
each of the (xi, ni) in turn, taking a transition time of exactly τ iterates between
each one. The numbers mj for j ≥ 1 are the time taken for x to shadow (x1, n1)
up to (xj , nj).
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Definition 2.3. Given G ⊂ X ×N, a potential ϕ has the Bowen property on G at
scale  if
V (G, ϕ, ) := sup{|Snϕ(x)− Snϕ(y)| : (x, n) ∈ G, y ∈ Bn(x, )} <∞.
We say ϕ has the Bowen property on G if there exists  > 0 so that ϕ has the
Bowen property on G at scale .
Note that if G has the Bowen property at scale , then it has it for all smaller
scales.
2.4. General results on uniqueness of equilibrium states. Our main tool for
existence and uniqueness of equilibrium states is [13, Theorem 5.5].
Definition 2.4. A decomposition for (X, f) consists of three collections P,G,S ⊂
X × (N ∪ {0}) and three functions p, g, s : X × N → N ∪ {0} such that for every
(x, n) ∈ X × N, the values p = p(x, n), g = g(x, n), and s = s(x, n) satisfy n =
p+ g + s, and
(4) (x, p) ∈ P, (fp(x), g) ∈ G, (fp+g(x), s) ∈ S.
Note that the symbol (x, 0) denotes the empty set, and the functions p, g, s are
permitted to take the value zero.
Theorem 2.5 (Theorem 5.5 of [13]). Let X be a compact metric space and f : X →
X a homeomorphism. Let ϕ : X → R be a continuous potential function. Suppose
that P⊥exp(ϕ) < P (ϕ), and that (X, f) admits a decomposition (P,G,S) with the
following properties:
(1) G has (W)-specification at any scale;
(2) ϕ has the Bowen property on G;
(3) P (P ∪ S, ϕ) < P (ϕ).
Then there is a unique equilibrium state for ϕ.
3. Decomposition, specification, the Bowen property, and
nonexpansive points
In this section we establish a number of the properties needed in Theorems 1.1
-1.3. We leave most of the entropy and pressure estimates until the next section.
3.1. Decomposition. We first define the decomposition we will use on the orbits
in order to apply Theorem 2.5. As the stable direction is uniformly hyperbolic we
can allow the set P = ∅ and the function p(x, n) = 0 for all (x, n). An orbit segment
(x, n) ∈ S if
β(x, n) :=
1
n
n−1∑
i=0
χΩρ(pi(f
ix)) ≥ α
where α is given by (1) and χΩρ is the characteristic function for Ωρ. An orbit
segment (x, n) ∈ G if n = 0 or for all j ∈ {1, ..., n} we have
β(f jx, n− j) = 1
j
n−1∑
i=n−j
χΩρ(pi(f
ix)) < α.
The definition of the collection of orbits G are iterates chosen so that the center-
unstable direction is uniformly contracted by f−1 along orbits segments from fn(x)
to x. This is related to the notion of hyperbolic times introduced by Alves [1].
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Remark 3.1. Arguing in a similar fashion as in [10, 11] we may check the following
concatenation property of G: if (x, n) and (fn(x),m) are in G, then (x, n+m) ∈ G.
We now define the decomposition we use for the orbits segments. For an arbitrary
orbit segment (x, n) we let s ∈ {0, 1, ..., n} be the largest integer such that (x, s) ∈ G.
Notice this implies that (fsx, n − s) ∈ S. Indeed, suppose that (fsx, n − s) /∈ S,
we may consider k ∈ {1, ..., n− s}, such that k = min{i ≥ 1; (fsx, i) /∈ S}. Observe
that this imply that (fsx, k) ∈ G and since (x, s) ∈ G, we have that (x, s + k) ∈
G, contradicting the maximality of s. Thus, (fsx, n − s) ∈ S and we have a
decomposition.
3.2. Specification. We now show that the set G described above has the desired
specification property. The proof will proceed first by proving the specification
property at any scale δ for the map g. As the decomposition is defined in terms of
the projection map pi we have a canonically defined decomposition (Gˆ, Sˆ) for g from
the decomposition (G,S) for f described above. More specifically, for (x, n) ∈ G
we let (xˆ, n) ∈ Gˆ and (x, n) ∈ S implies (xˆ, n) ∈ Sˆ. The decomposition for (xˆ, n)
is then defined by (xˆ, s) ∈ Gˆ and (gsxˆ, n− s) if (x, n) decomposes by to (x, s) and
(fsx, n− s).
We fix a constant related to the contraction for good orbit segments. Let
θα = L
α(λ−1u )
1−α ∈ (0, 1).
Proposition 3.2. Given , there exist τ = τ() such that if {(xˆj , nj)}`j=0 ⊂ Gˆ,
then there exists τj ≤ τ for j = 1, . . . , ` and some zˆ ∈ N such that
d(gm(xˆj), g
m+rj−1(zˆ)) ≤ ,
for 0 ≤ m ≤ nj, where r0 = 0 and rj =
∑j
i=1(ni + τi) for each j ≥ 1.
Proof. We know there exists some δ0 > 0 such that if xˆ ∈ N is a point where(xˆ, n) ∈
Gˆ, then the inverse branch g−jxˆ of gn−j that sends gn(xˆ) to gn−j(xˆ) is a (θα)j-
contraction on the ball of radius δ0, for 1 ≤ j ≤ n. To see the existence of such a
δ0 let P be a finite open cover of N such that each element of P is an open set on
which g has an invertible branch. Now let δ1 be a Lebesgue number for the open
cover, and choose δ0 = min{δ1, ρ}.
By hypothesis, we know that given  > 0, there exists a τ = τ() ∈ N such that for
any two points yˆ1, yˆ2 ∈ N , there exists some j ≤ τ such that B(yˆ2) ⊂ gj(B(yˆ1)).
Fix  > 0 and let δ > 0 be less then min{, δ0}. Fix τ = τ(δ). Let {(xj , nj}`j=0 ⊂
Gˆ. Then we know there exists a set of points X`−1 ⊂ Bδ(gn`−1(xˆ`−1)) and τ` ≤ τ
such that gτ`(X`−1) is the image of Bδ(gn`(xˆ`)) by the inverse branch g−n`gn` (xˆ`).
Similarly, there exists a nonempty set X`−2 ⊂ Bδ(gn`−2(xˆ`−2)) and τ`−1 ≤ τ
such that gτ`−1(X`−1) is the image of X`−1 by the inverse branch g
−n`−1
gn`−1 (xˆ`−1)
.
Continuing inductively we see that X0 is nonempty and we pick zˆ ⊂ X0. This
proves that Gˆ has specification at any scale for g.

Using the above result we now show that (Λ, f) has the specification property
for sufficiently small scales for the set G.
Proposition 3.3. Given , there exist τ = τ() such that if {(xj , nj)}`j=0 ⊂ G,
then there exists τj ≤ τ for j = 1, . . . , ` and some zˆ ∈ N such that
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d(fm(xj), f
m+rj−1(z)) ≤ ,
for 0 ≤ m ≤ nj, where r0 = 0 and rj =
∑j
i=1(ni + τi) for each j ≥ 1.
Proof. From Proposition 3.3 we know that we have specification when we project
to g. The problem is the fiber direction. To handle this we notice by the uniform
contraction on the fiber and the fact that the fibers have a finite diameter that
given  > 0 there exists some τs() = τs such that for each x ∈ Λ we know there
exists some j ≤ τs such that for each k ≥ j we have Mfˆk(x) ⊂ f−k(B(x) ∩Mxˆ).
We now denote τˆ() to be the constant for specification given by the previous
result. We let τ() = max{τˆ(), τs()}. We see that this gives the desired result by
combining the result from the previous proposition with the fiber properties listed
above. 
3.3. Bowen property for the partially hyperbolic attractor. From property
(H4) we know that if dM (x, y) < ρ/C, then dN (xˆ, yˆ) < ρ. Also, if η > 0 is
sufficiently small and xˆ ∈ Ωcρ and dN (xˆ, yˆ) < η then for each preimage xˆ1 ∈ g−1(xˆ)
there exists a unique yˆ1 ∈ g−1(yˆ) such that d(xˆ1, yˆ1) ≤ λud(xˆ, yˆ).
Lemma 3.4. If η > 0 is sufficiently small, (x, n) ∈ G, and y ∈ Bn(x, η), then
d(fkx, fky) ≤ Cη(θn−kα + λks)
for all 0 ≤ k ≤ n.
Proof. Since (x, n) ∈ G and y ∈ Bn(x, η) we know for all j ∈ {1, ..., n} that we have
1
j
n−1∑
i=n−j
χΩ(pi(f
i(y))) < α.
By the f -invariance of the holonomy we have h
f̂kx,f̂ky
= fk(hxˆ,yˆ). So
dM (hf̂kx,f̂ky, f
ky) < λksCη
for all k ∈ {0, ..., n}. Also, we know that
dN (f̂kx, f̂ky) ≤ θn−kα Cη
for all k ∈ {0, ..., n}.

Lemma 3.5. Any Ho¨lder continuous potential has the Bowen property on G at
scale η for η sufficiently small.
Proof. We know there exists some K > 0 and β ∈ (0, 1) such that
|ϕ(x)− ϕ(y)| ≤ Kd(x, y)β
for all x, y ∈ Λ.
Given (x, n) ∈ G and y ∈ Bn(x, η) we see
|Snϕ(x)− Snϕ(y)| ≤ K
∑n−1
k=0 d(f
kx, fky)β
≤ KCηβ∑n−1k=0(θn−kα + λks)β
≤ 2β+1CKηβ∑∞j=0(max{θα, λs})jβ =: V <∞.

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3.4. Pressure estimates of the nonexpansive points. The diffeomorphism
f : Λ→ Λ satisfies the given property.
[E ] there exist  > 0 such that for x ∈M , if there exists a sequence nk →∞
with 1nk
∑nk−1
i=0 χΩρ(pi(f
i(x))) ≤ α, then Γ(x) = {x}.
Then as in Theorem 3.4 in [11] we know the following holds.
Theorem 3.6. If f satisfies [E], then we have P⊥exp(ϕ, ) ≤ P (S, ϕ).
We note that [10, Lemma 5.9] or [11, Lemma 6.12] can be easily modified to
show that f |Λ satisfies property [E].
4. Proof of theorem 1.1 and theorem 1.2
From the previous section we have a decomposition of the dynamics where the
set G has specification and the Bowen property, and the pressure on the set S is
an upper bound for the pressure of the obstructions to expansivity. To conclude
the proofs for Theorems 1.1 and 1.2 using Theorem 2.5 we need to estimate the
pressure on S. First, we find the entropy of f : Λ→ Λ.
Proposition 4.1. htop(f |Λ) = htop(g) = log deg(g).
Proof. We know that g : N → N has entropy log deg(g), see for instance [19, 26].
To see that htop(f |Λ) = htop(g) = log deg(g). we can apply Ledrappier-Walters
formula from [17] as in [22] to see that the entropy of f restricted to the attractor
is the same as the entropy of g. This proves the result since the pre-image of the
map pi is a uniformly contracting and has finite diameter. 
We now estimate the entropy on S. Using estimates about g and the fact that
the semiconjugacy between f and g is contracting on each fiber, we are able to
prove the next result.
Proposition 4.2. h(S; f) ≤ log q + (α) +m logL.
To prove the proposition above we make use of some results and notation in
Section 6 of [26]. The basic strategy is to make use of the estimates about the
number of dynamical balls of gl that we need to cover Sˆln, for n big enough, and
make use of the contraction in the fibers to obtain a similar estimate for f l.
Let P be the partition from (H2) and let P = {Q0, ..., Qj−1} where the first q
elements cover Ω. Denote by P(n) the set of n-cylinders of g by elements in P, that
is,
P(n) = {Qi0 ∩ g−1(Qi1) ∩ · · · ∩ g−(n−1)(Qin−1) : Qik ∈ P, k ∈ {0, . . . , n− 1}}.
Let
B(n, α) = {x ∈ N ;β(x, n) ≥ α}.
If we denote by R(n) the set of n-cylinders of g by elements in P that intersects
B(n, α − δ), for every 0 < δ < α, there exists n0 ≥ 1 such that for n ≥ n0 the set
Sˆn is covered by the union of elements of R(n) (see [26, p. 578] for a proof). By
the estimates of Lemma 3.1 of [26] or [19] there exists a function (α) such that
(α)→ 0 as α→ 1 and for α given and sufficiently large n we have
#R(n) ≤ e(log q+(α))n.
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From Lemma 6.2 in [26] if D > 0, then there exists a C0 > 0 and a sequence of
open coverings {Qˆk} of N such that diam(Qˆk)→ 0 as k →∞ and every set E ⊂ N
such that diam(E) ≤ DdiamQˆk intersects at most C0Dm elements of Qˆk.
Fix l > 0 and let {Qk} be the lift of the open covers {Qˆk}. Denote the set of
n-cylinders of gl by elements in Qk by Cgl,jQk. Let Vl,n,k be the set of cylinders
in Cgl,nQk that intersect any element of R(ln). From Claim 2 of [26] we have the
following.
Lemma 4.3. Let k ≥ 1 be large and fixed. Then, there exists some n0 such that
#Vl,n,k ≤ #Qk × [C0Llm]n × e(log q+(α))nl,
for every large n ≥ n0.
Furthermore, from Claim 1 in [26] and n0 perhaps larger we know that for each
0 < δ < γ and n ≥ n0 we have B(k, γ) ⊂ B(ln, γ − δ) for each ln ≤ k < (n+ 1)l.
Now, we are able to prove Proposition 4.2.
Proof of Proposition 4.2. Fix γ > 0 and l sufficiently large. Given n ≥ 1, denote
by En ⊂ Sˆln any maximal (n, γ)-separated set for gl. If diamQˆk < γ, by the
construction, we have Vl,n,k covers En and each element of Vl,n,k intersects En in
at most one point. By Lemma 4.3, we have
(5) #En ≤ #Vl,n,k ≤ #Qk × [C0Llm]n × e(log q+(α))nl.
Since the diameter of each fiber Mx is uniformly bounded from above, there
exists a natural number m0 such that for each point x ∈ Ej , we may choose points
Fx = {y1(x), y2, . . . , ym0(x)} ⊂ Mx such that Fx is a γ-dense set in the fiber Mx.
We claim that
Fn :=
⋃
x∈En
Fx,
is a maximal (n,Kγ)-separated set for f l and Sln, where K = 2C and C is as in
(H4). First, since (x, ln) ∈ Sˆ, we know (yi(x), ln) ∈ S for every i = 1, . . . ,m0. To
check that Fn is maximal, take any (z, ln) ∈ S. By definition, pi(z) ∈ Sˆln and by
the maximality of En there exists a point x ∈ En such that for every i = 0, . . . , n−1
we have
dN (g
li(x), gli(pi(z))) ≤ γ.
Consider the holonomy hx,pi(z) : Mz ∩ Λ → Mx ∩ Λ. By the γ-density of Fx in
Mx we have that there exists a point y ∈Mx such that if z′ = hx,pi(z)(z), then
dM (y, z
′) ≤ γ.
Now, we estimate dM (f
li(y), f li(z)), for i = 0, . . . , n− 1:
dM (f
li(y), f li(z)) ≤ dM (f li(y), f li(z′)) + dM (f li(z′), f li(z)) ≤
λlidM (y, z
′) + CdN (gli(x), gli(pi(z))) ≤ Kγ.
Thus, Fn is a maximal (n,Kγ)-separated set for f
l and Sln. In order to estimate
#Fn, observe that #Fn ≤ #En ×m0 and
h(S,Kγ; f l) ≤ lim sup 1
n
log #Fn ≤ lm logL+ (log q + (α))l + logC0
by Equation(5). Taking the limit when γ → 0:
h(S; f l) ≤ lm logL+ (log q + (α))l + logC0.
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Using that h(S; f) = (1/l)h(S; f l) we finish the proof.

Proof of Theorem 1.1. The estimates in Theorem 4.2 are the key to the pressure
estimates of the proofs of Theorem 1.1 and Theorem 1.2. Just as in the proof of
Theorem 3.3 in [11] we know that
P (S, ϕ; g) ≤ α suppi(x)∈Ωρ ϕ(x) + (1− α)(supΛ ϕ) + h(S)
≤ α suppi(x)∈Ωρ ϕ(x) + (1− α)(supΛ ϕ) + log q + (α) +m logL
= Ψ(ϕ) < P (ϕ; f |Λ).
Hence, Theorem 2.5 shows there exists a unique equilibrium state. 
Proof of Theorem 1.2. Now assume that ϕ is Ho¨lder continuous and that
supϕ− inf ϕ < log deg(g)− log q − (α)−m logL,
then supϕ− inf ϕ < htop(f |Λ)− h(S). Then h(S) + supϕ < htop(f |Λ) + inf ϕ and
this implies that P (S, ϕ; f) < P (ϕ; f). In the previous section we proved that the
pressure of obstructions to expansivity are bounded by the pressure on S, then ϕ
has the Bowen property, and G has specification. Hence, Theorem 2.5 shows there
exists a unique equilibrium state. 
5. Proof of Theorem 1.3
In this section we prove Theorem 1.3 and provide an example where the result
will hold. The proof is similar to Theorem C in [11] except we do not need to worry
about the scale of the perturbation.
From the proof of Lemma 7.1 in [11] we see that P (ϕgeo; f) ≥ 0. From the fact
that
log q + (α) +m logL < − supϕgeo
we see that
Ψ(ϕgeo) = α suppi(x)∈Ωρ ϕ
geo(x) + (1− α)(supΛ ϕgeo) + log q + (α) +m logL
≤ supϕgeo + log q + (α) +m logL < 0 ≤ P (ϕgeo; f).
Therefore, by Theorem 1.1 we know that ϕgeo has a unique equilibrium state.
To show that P (tϕgeo; f) has a unique equilibrium state for t ∈ [0, 1] we show
that Ψ(tϕgeo) < P (tϕgeo; f) for all t ∈ [0, 1]. Since the inequality is strict it will
hold in a neighborhood of [0, 1].
Notice that
(6) P (tϕgeo; f) ≥ htop(f |Λ) + t inf ϕgeo = log(deg g) + t inf ϕgeo = l1(t).
Also, we have
(7) Ψ(tϕgeo) ≤ t supϕgeo + log q + (α) +m logL = l2(t).
Let
t0 = −
(
log q + (α) +m logL
supϕgeo
)
.
We know that t0 ∈ (0, 1). For t ∈ (t0, 1] we have Ψ(tϕgeo) < 0 ≤ P (ϕgeo; f |Λ) ≤
P (tϕgeo; f |Λ).
For t = 0 we see that l1(0) > l2(0) by (2). We know that the root of l2 is t0. The
root of l1 is − log(deg g)/ inf ϕgeo. By (2) we know that t0 < − log(deg g)/ inf ϕgeo
and so l1(t0) > l2(t0). This implies that P (tϕ
geo; f |Λ) ≥ l1(t) > l2(t) ≥ Ψ(tϕgeo)
for all t ∈ [0, t0].
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Now assume that f is a C2 diffeomorphism and let Me(f) be the collection of
f -invariant ergodic measures. For µ ∈ Me(f), let λ1 < · · · < λ` be the Lyapunov
exponents of µ, and let di be the multiplicity of λi, so that di = dimEi, where for
a Lyapunov regular point x for µ we have
Ei(x) = {0} ∪ {v ∈ TxM : lim
n→±∞
1
n log ‖Dfnx (v)‖ = λi} ⊂ TxM.
Let k = k(µ) = max{1 ≤ i ≤ `(µ) : λi ≤ 0}, and let λ+(µ) =
∑
i>k di(µ)λi(µ) be
the sum of the positive Lyapunov exponents, counted with multiplicity.
The Margulis–Ruelle inequality [2, Theorem 10.2.1] gives hµ(f) ≤ λ+(µ). Ledrap-
pier and Young [16] proved that equality holds if and only if µ has absolutely
continuous conditionals on unstable manifolds. This implies that for any ergodic
invariant measure µ, we have
(8) hµ(f)− λ+(µ) ≤ 0,
with equality if and only if µ is absolutely continuous on unstable manifolds. So an
ergodic measure µ is an SRB measure if and only if it is hyperbolic and equality
holds in (8).
We now show that P (ϕgeo; f |Λ) ≤ 0. Combining this with the arguments above
we see that P (ϕgeo; f |Λ) = 0. We know that ϕgeo has a unique equilibrium state µ;
to show that µ is the SRB measure, we need to show that −λ+(µ) = ∫ ϕgeo dµ.
Since the splitting on Λ is partially hyperbolic and the stable direction is uni-
formly contracting we know that
∫
ϕgeodµ ≥ −λ+(µ) with equality if and only if
all Lyapunov exponents associated with Ecu are nonnegative. From this we know
that hµ(f)− λ+(µ) ≤ hµ(f) +
∫
ϕgeodµ.
Now suppose that there is a nonpositive exponent associated with Ecu. Then
there exists some set Z ⊂ Λ such that µ(Z) = 1 and v ∈ Ecu(z) such that
limn→∞ 1n log ‖Dfnz (v)‖ ≤ 0. For z ∈ Z if we define
Λ− = {x : ∃K(x), 1
n
n−1∑
i=0
χΩ(pif
ix) ≥ α,∀n ≥ K(x)},
then we have z ∈ Λ−. To see this notice that if z /∈ Λ− then by property [E] that
there exists a sequence nk such that
1
nk
∑nk−1
i=0 χΩ(pi(f
ix)) < α and so
lim
nk→∞
1
nk
log ‖Dfnkz ‖ < 0.
Then µ(Λ−) = 1 and this implies that
hµ(f)− λ+(µ) ≤ hµ(f) +
∫
ϕgeodµ ≤ P (S, ϕgeo) ≤ Ψ(ϕgeo) < 0.
So this implies that P (ϕgeo; f |Λ) ≤ 0 and so P (ϕgeo; f |Λ) = 0.
By (2) we know that supϕgeo < 0 and so t 7→ P (tϕgeo; f |Λ) is a convex strictly
decreasing function from R→ R and hence 1 is the unique root.
Hence, hµ(f) − λ+(µ) = 0 and µ is an SRB measure. Assume there is a differ-
ent SRB measure ν that is ergodic. Then hν(f) − λ+(ν) ≤ hν(f) +
∫
ϕgeodν <
P (ϕgeo; f |Λ) = 0 since µ is a unique equilibrium state. This completes the proof of
Theorem 1.3.
Example. We now provide an example of systems that satisfy the conditions of the-
orem 1.3. Let g0 be a linear expanding map of the d-torus with d distinct positive
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eigenvalues. For a fixed point p of g0 we deform g0 by a pitchfork bifurcation in
a small neighborhood of p so that after the deformation p is a hyperbolic saddle
for the local diffeomorphism g. Furthermore, we assume that the perturbation is
performed so that p is slightly econtracting in the direction associated with the
weakest eigenvalue and expanding in the other directions, see Figure 1. By con-
struction we know that there are two new fixed points created for g, and g agrees
with f0 outside of the neighborhood of p.
For the neighborhood of p sufficiently small and the contraction in the weak
direction close to 1 we see that g satisfies the properties (H1) and (H2).
Figure 1. Pitchfork bifurcation
We now construct the map f . Let M = Td×(D2)d where D2 is the 2-dimensional
disk. Now let
f(t1, ..., td, z1, ..., zd) = (g(t1, ..., td)),
1
2deg g
z1 +
1
2
e2pit1i, · · · , 1
2deg g
zd +
1
2
e2pitdi).
One can check that this satisfies the properties (H3)-(H5).
Furthermore, by the fact that the neighborhood around p can be chosen arbi-
trarily small and that the contraction at p can be made arbitrarily close to 1 we
see that restricted to the attractor Λ associated with f we see that the map f and
the potential function ϕgeo satisfies the hypothesis of Theorem 1.3.
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